This paper provides a dynamic model of the dual economy in which differences in productivity across sectors arise endogenously. Rather than relying on exogenous price distortions, duality arises because of differences between sectors in the separability of their fertility and labor decisions. The model demonstrates how a dual economy will originate, persist, and eventually disappear within a unified growth framework. It is also shown that agricultural productivity growth will exacerbate the inefficiencies of a dual economy and slow down long-run growth.
Introduction
While neo-classical growth theory has concerned itself primarily with one-sector models, most developing countries contain within them multiple economies operating in distinctly different manners and typically with distinctly different levels of productivity. Lewis (1954) brought this concept of dual economies into focus, but the idea is as old as Ricardo and Malthus. More recently Banerjee and Duflo (2005) and Temple (2005) have suggested that a better understanding of growth and development requires the explicit adoption of models that incorporate heterogeneity within economies.
The relevance of the dual economy for understanding income differences across countries has been established by several recent empirical papers. Chanda and Dalgaard (2008) , Cordoba and Ripoll (2008) , Restuccia et al (2008) and Vollrath (2009) all document that the inefficiencies inherent in a dual economy can explain over half of the observed variation in total factor productivity (TFP) at the country level. Temple and Woessmann (2004) document that labor reallocation has a significant influence on country-level growth
rates. An older literature on structural transformation (Chenery and Syrquin, 1975; Chenery, Robinson, and Syrquin, 1986; Kuznets, 1966 Caselli and Coleman (2001) and Mourmouras and Rangazas (2007) have incorporated dual economy effects, but they all rely on exogenously given distortions to prices or preferences to generate their results, similar to the earlier efforts of Jorgenson (1961) and Ranis and Fei (1961) . 1 As Temple (2005) noted in his overview of the dual economy and growth, what is missing is an analysis of how dualism arises and evolves within the process of development. This paper provides a dynamic model of the dual economy in which the inefficient allocation of labor across sectors is the result of optimizing behavior by individuals. In contrast to previous work, here the extent of duality (as captured by differences in average and marginal products of workers between sectors) evolves along with the economy, and does not appeal to exogenous institutional or market structure differences to explain why some countries display dual economies while others do not. Similar to unified growth models (see Galor, 2005 for a complete review) that explain the coincident changes in fertility, education, and income, the model presented here shows how the dual economy is embedded within the process of long-run development.
To achieve this the idea of non-separability is borrowed from the development literature and incorporated within a model of optimal fertility choice. 2 As documented below, the dual economy manifests itself not only in labor productivity levels but in fertility rates as well. Fertility, as has become standard, is presumed to take time. For individuals in the traditional sector, their fertility decision is not separable from their production decision. They internalize the effect of their time allocation on the marginal product of their labor, realizing that as they work more they are lowering the value of their time. This induces higher fertility as the time cost of children is lower. Modern sector individuals work for a constant wage, and so the effect is not present for them. In equilibrium, traditional sector individuals will work less time and have higher fertility. Their marginal and average products will be lower than the modern sector, and a dual economy will exist. This result is not driven by any labor market distortion, and individuals are freely mobile, ensuring that utility is equalized between sectors. What this implies is that while the dual economy is not output maximizing, it is welfare-maximizing.
The dynamics of the dual economy are examined by looking at productivity changes (exogenous at first, endogenous in an extension) in the two sectors. What is shown is that productivity changes in the traditional and modern sectors are not created equal, so to speak. Modern sector productivity changes raise the time cost of children in both sectors, inducing all individuals to spend more time on work, less time on children and shrinking the gap in worker productivity between sectors. Thus modern sector productivity growth is capable of eliminating the dual economy in the course of development.
In contrast, traditional sector productivity growth, due to a low income elasticity of demand for its output, can have a perverse effect on development. An increase in traditional productivity will actually lower the time spent working, raising fertility, and reducing output per capita in the future by decreasing resources per person. The somewhat counter-intuitive result is that productivity improvements in the 'backwards' sector can actually exacerbate the dual economy effect and, similar to the work of Matsuyama (1992) Aside from the implications regarding productivity, an important item to note is what the model tells 2 Typically, the separability question in the development literature involves the distinction between labor demand on a family farm versus the labor supply of the family. Benjamin (1992) cannot reject the hypothesis that family labor supply is independent of farm labor demand. However, this result is based on household size being constant. In the model presented here, there is non-separability in the labor supply and fertility decision, and hence household size is in fact endogenous. 3 The implications of this model are also related to several papers on endogenous fertility and income distribution, as in Dahan and Tsiddon (1998) and De la Croix and Doepke (2003) . Here, duality creates the possibility of higher fertility and lower income levels, while in these other models differential fertility due to human capital differences may limit development.
us about evaluating dual economies. There is nothing fundamentally "wrong" with dual economies in this context. There are no distortions or institutional failures in the dual economy conceived of here, so there is nothing to fix. We can establish that the dual economy has consequences for aggregate output per capita, but we cannot judge the welfare effects of this.
To proceed, section 2 discusses the evidence regarding the dual economy and its manifestation in productivity and fertility differences between sectors of economies. Section 3 then presents the general model of duality, showing how it arises endogenously from a model of optimal fertility choice. The dynamic implications of the dual economy are examined in section 4, including an extension of the model to allow for endogenous productivity growth in a unified growth framework. Section 5 concludes.
Dualism in Production and Fertility
It will be useful to pursue a digression on semantics before reviewing the evidence on dualism. The phrase "dual economy" has several connotations. 'Modern sector dualism' typically deals with the underemployment of labor in the urban sector, while 'traditional sector dualism' focuses more on the coincidence of a low productivity traditional sector alongside a modern, commercially oriented sector. 4 In this paper, I focus exclusively on the latter type of dualism, laying aside urban labor market issues completely.
What is meant by the 'traditional sector' ? Numerous definitions are available, but typically this refers to a sector of production that is predominantly rural, is limited by some fixed resource (e.g. land), is engaged in subsistence rather than commercial production, and is demonstrably poorer than the 'modern' sector (see Lewis, 1954; Ranis, 1988; Basu, 1997) .
In the work that follows I will use the term 'agricultural' to refer to a sector that is generally rural, non-commercial, and that relies heavily on certain fixed factors of production such as land. I will use the terms 'modern' or 'manufacturing' to refer to the sector that is generally urban and commercially oriented.
These labels are for convenience only, and are not meant to imply any strict divisions.
Differential Productivity
The most obvious feature of the dual economy is the pronounced difference in productivity between the agricultural and modern sectors. The (presumed) relatively low marginal product of agricultural laborers suggests that some improvement to living standards could be achieved by the transfer of labor into the modern sector. The prima facie evidence of these productivity differences comes from the observation that output per worker in agriculture is typically much lower than that of the manufacturing sector. Figure 1 plots the log of the relative labor productivity between the manufacturing and agricultural sectors against the log of income per capita for a cross-section of countries. As can be seen, this ratio declines markedly as income increases.
Similar evidence is presented in Temple (2005, Table 1), who documents that the relative labor productivity in manufacturing is nearly six to one for Sub-Saharan African countries in 1996, and even 1.7 to one in the OECD. As he points out, though, differences in average products do not necessarily mean that marginal products differ.
Assume that both agriculture and manufacturing have Cobb-Douglas production functions, and let labor's share in agriculture equal θ A , while it's share in manufacturing is θ M . The ratio of marginal products is therefore
If it is the case that θ M < θ A , then it is theoretically possible for AP L M > AP L A to be consistent with equality in marginal products. Duality, as traditionally understood, would not hold because there was no scope for increasing output by transferring labor between sectors.
However, it is hard to actually reconcile the observed gaps in average products with the equalization of marginal products. If we assume, as we do for aggregate production functions, that the labor share in output is essentially equal across countries, then this suggests that θ M /θ A is constant across countries. If this is true, then it is impossible for all countries to have M P L M = M P L A given that their ratios of average product differ.
Perhaps this just indicates that it is not true that θ M /θ A is the same in every country. If we still want to assert that marginal products are equalized across sectors, then it must be that θ M /θ A is the reciprocal of the ratio of average products. For several developing nations, the ratio of average products is on the order of 8 to one. Therefore θ M must be only one-eighth of θ A . If labor's share in agriculture is 0.6 (see Jorgenson and Gollop, 1992) , then this implies that labor's share in manufacturing is only 0.075. This seems absurdly low. If we want to assert that labor's share in manufacturing is equal to only 0.2, we have the nonsensical result that the labor share in agriculture must be equal to 1.6, or that labor earns over 100% of total output.
So while the observations on average product cannot directly show that marginal products differ between sectors, it is hard to escape the conclusion that they do. Previous models of the dual economy have used exogenous institutional distortions to explain why wages may persistently differ between sectors, but they are not capable of explaining the relationship between income and duality in figure 1.
One possibility is that the dual economy and overall poverty are both outcomes of some deeper structural flaw or institutional failure across countries. However, the inverse relationship of relative productivity and income holds over time even for those countries that are the richest today. David (2005) , in his re-examination of the data on real income in the early years of the United States, finds evidence of a dual economy. In 1840, the relative labor productivity of agricultural workers (narrowly defined) was only 40% of non-agricultural workers. Even on a per man-hour basis, the ratio is still 77%.
Over the whole period of 1790-1860, David concludes that the average product of labor was relatively low in the agricultural sector, but that this was primarily accounted for through fewer hours of work rather than lower productivity per hour. This difference between the agricultural and modern sectors will arise endogenously within the model presented here, and just as David documents for the U.S., a portion of the increase in output per capita will result from an increase in hours worked by all individuals as well as a shift of workers from agriculture to manufacturing.
Differential Fertility
The differential in time allocations that accounts for the gap in labor productivity occurs alongside similar differentials in fertility. For the United States, Grabill, Kiser and Whelpton (1958) report fertility data which covers the whole period of industrialization in the United States, 1800-1950. 5
The overall decline in fertility in this period can be broken into three components: a decline in urban fertility, a decline in rural fertility, and the shift of population from rural to urban areas. Grabill et al (1958) calculate the contribution of each factor to the overall decline in this period. They find that about 56 percent of the decline is attributable to the fall in rural fertility, with 24 percent accounted for by urban fertility decline and 20 percent to the shift from rural to urban areas. 6 So while there is a differential in fertility between sectors, over time this differential shrinks and fertility converges to a uniformly low level.
This pattern is repeated in the European experience, as summarized by Sharlin (1986) using the data from the Princeton European Fertility Project. Sharlin confirms is that rural marital fertility was indeed higher than urban marital fertility at virtually every date that data were collected. When the demographic transition began, it began in the urban areas before spreading to the rural sector. This trend is confirmed in the more detailed studies of Germany by Knodel (1974) and Belgium by Lesthaeghe (1977) .
As the demographic transition continues, fertility remains always higher in rural areas but the differential decreases. The pattern is thus similar to what we identified above for the United States -a convergence of rural fertility to urban fertility. Sharlin also finds that the declines in both rural and urban fertility play the predominant role in lowering overall fertility, confirming the finding in the U.S. that the shift of population from rural to urban areas was of secondary importance.
One interesting aspect of fertility behavior that is highlighted by Sharlin is the effect of city size. Knodel (1974), Lesthaeghe (1977) and Livi-Bacci (1977) all present evidence that as the population of the urban area increases, fertility rates fall. This effect appears to be tied to the nature of work in these areas, as those places engaged in more industrial work -urban or not -are more likely to have lower fertility. Thus Sharlin suggests that if we could look at the fertility of agricultural and non-agricultural workers we would find higher differentials than those found between urban and rural areas. The model presented in this paper fits neatly into this framework, as the distinction is truly between agricultural and non-manufacturing workers, and actual residence is not important.
These long-run experiences of the currently developed world show that duality in fertility can exist and then disappear over time, but do currently developing countries fit within this framework? One of the earliest looks at the rural-urban differential comes from Kuznets (1974) . He considers a cross-section of nations from the late 1950's and early 1960's. Using child/woman ratios he calculates the rural-urban differential and finds that rural areas are consistently more fertile, but that the gaps are not terribly large. 7
Similar findings come from another cross-sectional study by Findley and Orr (1978) which looks at fertility behavior around 1970 in thirty-eight developing countries. They find again that differentials in rural-urban 6 These percentages are tied to the time period in question. Using a later beginning date would lower the initial rural population share and decrease rural fertility's role in the overall decline, while raising urban fertility's role. Grabill et al (1958) do not find changing the time frame alters significantly the share of overall decline caused by rural to urban shifts. 7 Kuznets does find several countries in Africa in which the urban child/woman ratio is actually higher in urban areas than in rural ones, but he points out this could be caused by differences in age structure which the child/woman ratio does not account for.
fertility rates are closely associated with a countries overall position in the demographic transition. In their seven highest fertility countries, there is essentially no differential. As they examine countries with lower overall fertility the differential widens substantially. For the lowest fertility countries they examine -with overall total fertility rates (TFR) of around 4.5 -urban TFR is only 60% of rural TFR. More recent data confirms the dual nature of fertility, and the convergence of fertility rates as economies develop. Figure 2 plots urban and rural fertility rates for all of the surveys undertaken by the Demographic and Health Survey project. As can be seen, rural fertility is consistently higher than urban fertility in this set of developing countries. Additionally, as the total fertility rate falls, rural fertility falls faster than urban fertility, indicated by the higher slope for the rural observations.
The Dual Economy
The evidence reviewed provides several distinct stylized facts that must be accounted for when trying to model the dual economy. First, differences in labor productivity (and likely in marginal productivity) exist between the agricultural and the modern sector. Secondly, these differences in productivity evolve along with the economy, shrinking in size at higher levels of aggregate output per capita.
Similarly, fertility differences exist within the economy, and these differences also evolve. As the economy develops both rural and urban fertility decline, but rural fertility appears to fall faster so that the sectoral rates converge.
To explain these facts, the model presented here will combine a standard model of fertility choice with an assumption regarding the non-separability of fertility and production in the agricultural sector. 8 Nonseparability implies that individuals in the agricultural sector appreciate the effect of their fertility choice on the marginal product of their time. They will see a rising marginal product of labor as they spend more time raising children, and in equilibrium this will lead to agricultural individuals having more children than manufacturing sector workers. No distortions in wages or prices are required, and free mobility between sectors will be allowed.
This section presents general results regarding the dual economy in equilibrium. Subsequent sections explore the dynamics of the dual economy and the effect of productivity changes in both sectors.
Consider a two-sector economy consisting of L t people at time t. Of these people, a share a ∈ (0, 1) work in the agricultural sector while the remaining 1 − a work in manufacturing. The labels agricultural and manufacturing are for convenience, and could alternately be labeled the "traditional" and "modern" sectors.
Each individual has a unit of time, with the share s ∈ (0, 1) allocated to productive work, and the remaining 1 − s time spent raising children. Individuals must consume a fixed amount of agricultural goods, a, at a relative price p A . They receive utility from the amount of manufacturing goods they consume as well as from the number of children they have. Their decision problem is thus one of allocating time between productive work and raising children, conditional on working enough to acquire the subsistence amount of agricultural goods.
Production
Agricultural production is a constant returns to scale function of labor effort and land. Capital is ignored throughout to simplify the analysis, but this does not materially alter the results. Total agricultural production is denoted as
where A A t is total factor productivity in the agricultural sector, R is the total amount of land (resources) in the sector, and E A t = s t a t L t is the total labor effort expended. F is constant returns to scale, and has typical concave properties
Each of the a t L t individuals working in agricultural has property rights over an equal amount of land, R/a t L t . Therefore the total income of an agricultural worker is, given the constant returns to scale production 8 A simpler form of this type of model can be found in Weisdorf (2006) , who does not consider fertility levels.
function, equal to
where p A t is the relative price of agricultural goods, in terms of manufacturing goods. Notice that the income is increasing in s t , but given the shape of the production function there are diminishing returns to the time of the agricultural worker. This will factor into the decision problem of the individual as they decide how to allocate time between fertility and work. Higher fertility, in the agricultural sector, will not "cost" as much because increasing fertility will actually raise the marginal return to work.
For the initial analysis, it is not necessary to specify completely the manufacturing sector production function. What is important is not the nature of production, but rather the nature of the labor market.
From the perspective of a manufacturing worker, the wage rate per unit of effort is constant. Income for a manufacturing worker is simply
where w M t is the wage rate paid in manufacturing. To explore the full dynamics of the model, details regarding this wage will be required, but for the current purposes it is sufficient to work with w M t alone.
Individuals
Individuals receive utility from their consumption of the manufactured good (c M i ) and from the number of children they have (n i ). Similar to the work of Strulik and Weisdorf (2008) , the utility function is presumed to be quasi-linear. This is a convenient way of capturing a "hierarchy of needs" such that fertility is a higher priority than consumption of manufacturing goods. In addition, there is no direct income effect on fertility.
Changes in fertility will arise only from changes in relative prices, and this will depend upon the sector (agriculture or manufacturing) that generates the higher income levels.
Utility is written as
while the function g has the properties that g ′ > 0 and g ′′ < 0. Fertility is a linear function of the time spent on child-rearing
where n is simply a parameter scaling time into numbers of children.
In terms of consumption, each individual must fulfil a basic subsistence constraint first, eating a units of the agricultural output. 9 Once they have met this requirement, their manufacturing consumption is given 9 Note that the food consumption of children is presumed to be zero, but including their food requirements into the budget by
where i refers to the sector in which an individual works.
Putting (8) and (7) into the utility function from (6), along with the definitions of income from (4) and (5) yields the following utility functions for individuals in the two sectors
Equilibrium
Recall that all individuals must consume a quantity a of the agricultural good. Therefore, it must be the case that
which states that total agricultural production must be sufficient to provide the subsistence consumption to all individuals. Given the choice of time allocation in agriculture the share of individuals employed in agriculture, a t , is fixed by this equation.
One last assumption is necessary before proceeding. Individuals are assumed to be freely mobile between sectors, and this will ensure that the utility of individuals in the two sectors is equalized, or U A Proposition 1 In equilibrium, a dual economy exists. Specifically this means that the following hold:
(A) Manufacturing workers allocate more time to productive work than agricultural workers, s * M t > s * A t (B) Manufacturing workers have lower fertility than agricultural workers, n M t < n A t (C) Output per worker is higher in the manufacturing sector,
The marginal product of labor effort is higher in the manufacturing sector, Proof. (A) follows from part (D) of Proposition 1, which states that the marginal product of agricultural workers is lower than workers in manufacturing. Therefore, transferring labor from agriculture to manufacturing will increase output per capita.
It is crucial to note that while Corollary 1 says that a transfer of labor can increase output, it does not increase welfare. This explains why a dual economy situation may persist despite the prima facie evidence that the economy is inefficient. Corollary 1 thus provides a potential explanation for the cross-country results highlighted in the introduction. This effect is present here, as I have assumed that agricultural workers are paid their average produce.
But note that there is an additional inefficiency at work in this model. From part (C) of Proposition 1, the average product of agricultural labor is actually lower than the marginal product of manufacturing labor.
Thus the economy exhibits even lower efficiency than the typical dual economy model. This difference arises because the agricultural workers internalize the effect of their choice on their own productivity, and this is necessary to generate not just the inefficiency in production but the differential fertility levels observed in the data.
Productivity and Population Changes
Given this basic model, how do changes in productivity (in either sector) alter the structure of the economy and affect the nature of the dual economy?
To proceed, let manufacturing wages be described by the following
where A M t is a measure of total factor productivity in manufacturing and the function w(a t ) describes the relationship of the wage to the share of people engaged in manufacturing. It is presumed that w ′ > 0, meaning that manufacturing wages fall when the share of workers in manufacturing (1 − a t ) increases. Now we can state the following Proposition 2 Given manufacturing wages as in (12), (A) An increase in A A t has the following effects:
• The share of labor in agriculture, a * t , falls
• The time allocations to productive work, s * A t and s * M t , both fall
• There is an indeterminate effect on aggregate fertility (B) An increase in A M t has the following effects:
• The share of labor in agriculture, a * t , falls In contrast, an increase in manufacturing productivity induces an increase in work effort, and lower fertility, in that sector. In response to the higher utility in manufacturing, labor is "pulled" out of agriculture.
To maintain agricultural output, time spent working by agricultural individuals has to increase, lowering their fertility as well. Overall, there is a clear shift towards lower fertility.
The long-run impacts of productivity growth depend crucially on the sector in which it arises. In typical models, increasing agricultural productivity causes industrialization. However, these models normally take the population size as fixed. Here, we see that agricultural productivity growth, relative to manufacturing productivity growth, will cause fertility to be higher. In the future there will be a relatively larger population and this will act like a decrease in agricultural productivity as resources per person decline. So over time, agricultural productivity increases will limit development relative to manufacturing productivity increases.
To see these dynamic effects more clearly will require a more detailed specification.
Dynamics of Development
The economy described in the previous section shows that dualism can result even with optimizing agents once we allow for endogenous fertility choice. The implications of Proposition 2 are that the type of productivity growth can have important consequences. That is, the long-run effects of growth in agricultural productivity are not the same as the effects of manufacturing productivity growth.
In this section I provide several simulations of a dual economy to demonstrate how it responds to different patterns of productivity growth (both exogenous and endogenous) over time. These experiments highlight the importance of the differential fertility responses to productivity changes by sector.
To do this, specific functional forms are assumed for production and utility that result in a tractable model that can be analyzed analytically and numerically. The algebra is tedious, and has been relegated to the Appendix. The most important point is that manufacturing output, for simplicity, is presumed to be linear in labor effort (and capital is excluded from the analysis). This makes the problem tractable, but removes the possibility that agricultural productivity growth will lower the optimal time allocation in manufacturing by lowering the marginal product in that sector. If this effect were present, then the potentially detrimental effects of agricultural productivity growth explored in this section would only be strengthened.
Several types of simulations are considered. In the first, two initially identical economies experience exogenous productivity "revolutions", one in the agricultural sector and one in the manufacturing sector.
For the second, sustained differences in exogenously given productivity growth rates are examined for their affect on development.
Finally, productivity growth in both sectors is made endogenous, and the simulation shows how the dual economy evolves over time from the initial Malthusian era to the period of sustained growth. This simulation highlights how the dual economy can be seen as simply another feature of the process of long-run development, alongside fertility change and the structural transformation.
Productivity Revolutions
In this simulation, two economies are compared. Both have some latent exogenous productivity growth of 0.2% per year in each sector. The economies vary only in a productivity shock that strikes them at period 20 (a total of 100 periods are simulated):
• 
Figure 4: Productivity Revolutions
Note: The panels track the evolution of various characteristics under two different regimes of productivity revolutions. "Ag. revolution" refers to an agricultural total factor productivity growth (TFP) of 15% in period 20. "Man. revolution" refers to manufacturing TFP growth of 15% in period 20. Productivity growth in both sectors in both economies is equal to 0.2% in all other periods. Figure 4 plots the results of the simulations for several important variables. Panel (A) shows the relative labor productivity of agriculture to manufacturing. As can be seen, both sectors begin with a distinct dual economy, with agricultural labor productivity only about 40% of that in manufacturing. With an Industrial Revolution, though, this ratio jumps distinctly to nearly 65% and is always higher than when an Agricultural Revolution occurs. The Agricultural Revolution has no effect on the dual economy at first because agricultural productivity changes do not induce higher work efforts.
Panel (B) shows how the two revolutions influence output per capita. As can be seen, the Industrial Revolution puts the economy on a permanently higher level of output per capita, while the growth rates remain identical. The source of this advantage is the increase in work effort that the Industrial Revolution initiates relative to the Agricultural. The higher work efforts also lead to lower fertility, as seen in figure (C). This lower fertility allows the economy with the Industrial Revolution to retain its higher output per capita by reducing the size of the population relative to the resource endowment.
Finally, panel (D) shows a somewhat counter-intuitive result. The Agricultural Revolution reduces the share of labor employed in that sector; this is the typical "push" idea that normally informs multi-sector models of industrialization. However, the Industrial Revolution produces an even larger drop in the agricul-tural labor share, even though they do not experience any significant increase in productivity in that sector.
The difference comes from the increased work effort induced by the Industrial Revolution.
When A M t jumps by 15%, this increases the marginal value of time for manufacturing workers, and because of the increase in the relative price of agricultural goods, for agricultural workers as well. Thus the optimal allocation of time shifts towards work and away from fertility in both sectors. Given the concave nature of utility from fertility, agricultural workers have to increase their time allocation to work by more than manufacturing workers to achieve the same increase in marginal utility. This narrows the gap in their work effort, and narrows the dual economy effect. In addition, the increased work effort in agriculture acts like a productivity increase, lowering the share of people necessary to provide agricultural goods. Thus an Industrial Revolution can induce a greater structural transformation in the dual economy than a similar Agricultural Revolution is capable of.
Differential Growth Rates
Rather than examining singular "revolutions" in productivity, in this section the development of economies is tracked under sustained differences in productivity growth across sectors. The initial conditions of the simulations are identical to those of the previous section. The only difference is that productivity growth is concentrated in one sector versus the other in the two parallel simulations. 10
• Agricultural-led growth: A A t grows at the rate of 1.5% per period, while manufacturing productivity A M t grows only at 0.1% per period.
• Manufacturing-led growth: A A t grows only at 0.1% per period, while A M t grows at 1.5% per period.
From this common starting point, each simulation is run forward for 200 periods. Figure 5 The manufacturing-led regime industrializes as well due to the "pull" of higher wages, but this process is not necessarily as complete as in the agricultural-led regime. In contrast, though, the dual economy disappears relatively quickly and fertility falls as well. Ultimately output per capita is significantly higher due to the lower fertility and higher fraction of time spent working.
Unified Growth and the Dual Economy
Both of the previous sets of simulations took productivity growth to be exogenous. This section incorporates endogenous change in productivity to demonstrate how the dual economy fits within a unified growth framework. The economy will start out in a Malthusian era, with stagnant growth in population and income per capita. Despite the stagnation, agricultural productivity is improving over time and once the economy exits the Malthusian era the dual economy appears. Coincident with the arrival of the dual economy is a surge in fertility and the beginning of the structural transformation. As productivity increases continue the economy enters a modern growth era with low population growth, high income per capita growth, and the disappearance of the dual economy.
To facilitate this, some method of incorporating endogenous productivity growth must be included.
Rather than complicate the exposition with a complete micro-economic model of innovation, I adopt a "reduced form" version of endogenous productivity growth similar to Kremer (1993) and Jones (1995a,b) .
Growth in productivity in the two sectors is described by
where δ i is a parameter controlling the speed of innovation, and φ measures the returns to scale in innovation.
If φ = 0, then the arrival of new innovations is independent of the stock of knowledge, and the growth rate of productivity declines with productivity. If φ = 1 then there are increasing returns to knowledge, and the growth rate depends only on the scale of the sector. To obtain realistic results in the simulations, a value of φ is chosen that is less than one, which accords with Jones (1995a,b) evidence on the long-run growth rate of innovation. This is due to the fact that initial productivity in that sector is set low initially, and the only way to generate the subsistence requirement is for all individuals to work in agriculture. Productivity is increasing in the agricultural sector during this period, while because a t = 1, there is no productivity growth in the manufacturing sector. Once manufacturing workers are present, A M t begins to increase endogenously, and this generates a flow of workers into manufacturing, while also raising the time allocated to work in both sectors. This causes fertility to decline from its peak, and narrows the gap in output per worker between the sectors. Thus the dual economy endogenously disappears in this unified treatment, and this is driven by the increasing productivity growth of the manufacturing sector.
Ultimately, panel (D) shows how these factors all operate together to generate a Malthusian era of stagnant output per capita that gives way to an era of both high output per capita growth and high fertility around period 400, and finally to the era of modern growth where output per capita growth is high, but fertility has fallen to nearly zero.
The dual economy can be seen as a natural outgrowth of the process of development. Along with the Demographic Transition and the structural transformation, the appearance and gradual dissolution of the dual economy is an integral part of the long-run growth of economies.
Conclusion
This papers attempts to show that the dual economy is an integral part of the development of economies.
Unlike previous attempts, the model presented here shows how a dual economy can arise endogenously in a model of optimal fertility.
Non-separability in the traditional, agricultural sector means that they internalize the effect of their own effort on their marginal product. Understanding that further work lowers the value of their time, they optimally shift towards having more children and working less. This generates a difference with modern sector individuals who face a constant wage rate for their time.
The model implies that agricultural productivity growth has negative consequences that offset some or all of its initial benefits. Work efforts fall, and fertility rises following agricultural productivity changes; the dual economy persists. In contrast, manufacturing productivity increases work efforts in both sectors and lowers fertility, resulting in higher long-run output per capita.
Ultimately, the persistence of the dual economy in developing countries is not a reflection of embedded institutional or market failures, but rather is a consequence of slow modern sector development. This paper's characterization of the dual economy is in many ways more hopeful than earlier explanations. First, it suggests that one should not interpret differences in output per worker as indicative of differences in welfare between sectors. Second, unlike models relying on exogenous distortions, this model shows that duality does not imply that anything is fundamentally "wrong" with an economy.
where α represents the elasticity of output with respect to land. Given the assumptions regarding property rights, output per person in the agricultural sector can be written as and finally the price of agricultural goods can be solved from (24) giving
Given s * A t , s * M t , a * t , and p * A t , we have all the information available to solve for other variables of interest within a given period. Specifically, output in each sector follows directly from (15) and (17) . Output per capita is found simply by dividing their total by L t . The relative output of agricultural workers to manufacturing workers can be directly backed out from the production functions.
The dynamic effects of changes in productivity depend entirely in this set-up on the fertility consequences. Population evolves as follows L t+1 = (1 + n t )L t
where n t = a t n(1 − s * A t ) + (1 − a t )n(1 − s * M t ).
As population increases, this acts much like a decrease in agricultural productivity, raising agricultural prices and inducing more people to stay in agriculture. The parameters in column (1) of table 1 yield initial values of s * M t = 0.54 and s * A t = 0.17 for the baseline model, which results in output per worker in the agricultural sector being only 38% of that in the manufacturing. To meet subsistence, a 0 = 0.999.
Once endogenous productivity growth is introduced, the parameters of the innovation equations in (14) must be specified as well. For the simulations presented in this paper, the value of φ = 0.99, while δ A = 0.001 and δ M = 0.00001. These values were chosen by trial and error so as to yield maximum growth in productivity in any given period below 5%.
In addition to the endogenous productivity parameters, the baseline model is modified in the manner indicated in column (2) of table 1. These act mainly to reduce the agricultural output of the economy, meaning that subsistence cannot be achieved with fewer than 100% of individuals in the agricultural sector. With a t = 1, the necessary work effort in agriculture is
Once A A t is sufficiently large so that the subsistence requirement can be met with less than 100% of the individuals in agriculture, then the equilibrium is calculated as before.
